! . Introduction
The continuum regularization program (1-13) is now complete, so this conference provides an ideal opportunity to summarize our results and put the program in some perspective. Earlier partial reviews of the program are found in (14, 15] .
The starting point of the program is the observation that stochastic quantization (16) (17) (18) sees to the heart of the ultraviolet problem. The result of the program is a universal geometric prescription for nonperturbative invariant continuum regularization of all quantum field theory. In spirit, the regulator might be compared to lattice gauge theory and lattice gravity, except that we preserve all relevant continuum symmetries including coordinate invariance. In fact, the regulator is interpreted as an invariant all-order covariant derivative or propertime regularization.
In ita final coordinate-invariant form, the prescription is seen as entirely geometric, with all regularization contained in regularized DeWitt superstructures (19] on the space of field deformations. Indeed, as will become dear in these lectures, completion of the program has given birth to regularized (infinitedimensional) supergeometry.
After a brief review of relevant background in Section 2, I will follow the historical development of the program, beginning with the regularization of the scalar prototype (3] (Section 3), gauge theory (1,2,4,5, !2] (Section 4), gauge theory with fermions (6] and superfield supersymmetry (i). Section 4 also reviews the regularized Migdal-Makeenko equation (13] which is the projection of regularized large N gauge theory onto loop space.
In Section 5, I introduce the universal geometric form of the regularization (8) (9) (10) , which begins in phase space (9, 11) . The previous regularizations of the program (1) (2) (3) (4) (5) (6) (7) are special cases in nat space and nat superspace. As examples, I discuss the following topics.
I. Nonperturbative geometric characterization of the Weyl anomaly in the presence of the regulator for the general two dimensional non-linear sigma model (Section 5.5). The anomaly is the invariant trace of the regularized supermetric [9] .
2. Regularized integration of the momenta (9) (Section 6), which is the rigorous passage from regularized phase-space to regularized coordinate-space formulations. Regularized coordinate-space supergeometry is generated automatically in the passage.
3. Regularized Euclidean quantum gravity (8-10) is discussed as an explicit example in Section 7. Here I also review the Schwinger-Dyson stabilization mechanism (8-10) and its stochastic counterpart (20, (8) (9) (10) , which allows the treatment of bottomless actions such as Euclidean gravity.
2. Background
_2.1 Stochastic quantization
The first stochastic process was studied by Langevin (16) in 1908. Reviews of the field through 1981 are found in (17) . The subject was brought to the allenlion of particle physicists in 1981 by Parisi and Wu (18) , whose proposal of fifth-lime stochastic quantization is an elegant covariant generalization of tJle real-time stochastic quantization studied earlier by Nelson (21) .
The formal (unregularized) coordinate-invariant stochastic processes (8) (9) (10) invented for use in the regularization program are generalizations of the following early work: processes on group manifolds (22) , finite-dimensional coordinateinvariant processes on arbitrary manifolds (23) (24) (25) , and scalar phase-space processes (26) on flat space and flat superspace.
Advantages of stochastic quantization
Deing a change of variable to a Gaussian noise '7, stochastic quantization is equivalent to action and Hamiltonian formulations. The important physical question has always been to find the advantages of the stochastic ~ethods. In fact, the approach has given birth to a number of new ideas which are by no means obvious in more conventional quantizations. Among these, I mention Zwanziger's nonperturbative gauge-fixing (27, 28) , large N quenching (29, 30) , large N master fields (30) , stochastic stabilization (31), the QCD 4 maps (32) which run in ordinary Euclidean time, and numerical applications in lattice gauge theory (33) . The regularization program (1-15) itself stands high on the list since stochastic quantization sees into the ultraviolet problem (see Section 2 ' -· =:~~ 3) in a way that the conventional quantizations cannot.
2.3. Zwanziger's gauge fixing and the flow gauges I remark in particular on Zwanziger's stoc:;hastic ghostless d-dimensional gauge-fixing (27-28), since we employ it naturally in the program. The procedure is somewhat mysterious from the d-dimensional action point of view because it is in fact a Faddeev-Popov "flow gauge" fixing (28)
in a (d + 1)1limensional action formulation of the d1limensional gauge theory. Not surprisingly, the flow gauges are also ghostless and infrared soft. The flow-gauge equivalence automatically (28) provides ordinary ( d + 1 )11imensional
Slavnov-Taylor (34) and BRST identities (35) for Zwanziger's gauge-fixing of a d-dimensional theory. The flow gauges were independently rediscovered in (36) , without discussion of the stochastic connection.
Early regulator proposals
Early ideas about stochastic regularization are found in (37) (38) (39) (40) (41) (42) . I note in particular that the regulator of Niemi and Wijewardhana (38) is a ParisiSourlas (43) analogue of our scalar prototype in Section 3. The non-Markovian regularization of (39) is incompatible with Zwanziger's gauge-fixing (40) . The regularization of Doering (42) is identical to the scalar prototype.
Five formulations of quantum field theory.
A quantum theory is defined by an action (S) and a supermetric (Q). For example
is th.e action formulation. The variahle changes of stochastic quantization have explored the following system of five equivalent formulations stochastic or Schwinger-Dyson formulations, any attempt to force the scheme into an action formulation, including Fokker-Pianck and fifth-actions, will require divergent action counterterms at fixed cutoff (2] . The final interpretation of the n<rgo theorem is that action formulations are an unnatural language for covariant derivative regularization. ' The question of supersymmetry and stochastic pr<>eeMee arises at the fifth-action level (or the action level ror real time procesees). In ract, there is no fini~time supersymmetry (or rermions) BSSOCiated to a single stochastic process (4f>-46, 24, 32) since the determinants are defined with retarded boundary condition: Finite-time supersymmetriee are generally 81180ci-ated to a family or distinct stochastic processes (24) , although an infinite time supersymmetry may be present ror a single equilibrating process.
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corresponds to the scalar theory Z = f V</> exp( -S) in d-dimensions. We consider instead the Markovian-regularized process (2)
where the regulator R may be taken as (2,5) has gone to the heart of the ultraviolet problem, and that our regularization of the noise will render the theory finite for proper choices of the regulator R.
Detailed results (2) are as follows. For any polynomial int.eraction in ddimensions, the finite-time Green functions of the theory are ultraviolet-finite to all orders when we choose power law regularization R,.:
where (x) is the greatest integer$ x. For the heat-kernel regulator Ru, all finitederivative composite operators are regularized to all orders for any interaction in arbitrary dimension.
is equivalent to the stochastic formulation (3.2) under assumption of equilibration . Here F is an arbitrary functional of d-<limensional ~ and the structure ll (in the Schwinger-Dyson operator L) is a regularized super-Laplacian. In fact, we generally prefer the SD formulation, especially since it is often well--defined when the action is bottomless (see section 7).
The regularized Langevin diagrams of (3.2), and the regularized SchwingerDyson diagrams of (3.5), add to Feynman diagrams in the formal regulator limit
R-+1
A-oo (3.6) but the Langevin and Schwinger-Dyson diagrams are quite different in the presence of the regulator (2), and in no sense do they correspond to "regularized Feynman diagrams". This is another aspect of the non-action character of the regularization. ..t:(x,t) =-"i~:' (x,t) + v:
.. The field-dependence of the regulator introduces two new features beyond the scalar prototype. In the first place, expansion of the regulator in powers of the field is easily organized into two new regulator vertices (1,3,5) corresponding to one -and two -gluon emission from regulator strings . The second feature is the need to choose a stochastic calculus ( 17) which corresponds to the value of the contractions
between the noise and its regulator prefactor.
In fact, the regularization is gauge--invariant for any choice of stochastic calculus, so we work with an arbitrary choice. This generates the one--parameter -y-family of invariant regularized Schwinger-Dyson systems [1, 3,5)
(1:).))~~ 6A~(y)6A:(x' 6~(1:).) The simplest regularization chOOIIC8 Ito calculus (-y = O) and the heat kernel regulator R,. Then only three diagrams, one of which contains a regulator vertex, Contribute to the photon mass at the one-loop level (5) . The cancellation of these contributions, so that the photon remains massless, is a satisfying check of gauge invaciance of the regulator in all dimensions at once.
Perturbative renormalization of the regularized scalae prototype and gauge theory ace discussed in (1,4). Only the standard action counterterms, and a Zwanziger countertcrm, are required. Regularized gauge theory with fermions is studied in (6) , and the standard background gauge-field anomalies are obtained. Regularized superfield supersymmetry is discussed in (7). 2 ) as a Gaussian integral over particle variables [50, 48) 1 The advance, coordinate-invariant regularization [8] [9] [10] , which I am going to describe in this section, is a giant step from the previous examples since it allows us to see that the regularization is entirely geometric, and in fact universal across all quantum field theory. I should say before beginning that my orig~nal attempts to extend the program in this direction were frustrated by certain divergences of formal (unregularized) coordinate-invariant stochastic processes in coordinate-space. It was to avoid these divergences that I turned to phase space (9-11), which offers the following advantages.
1. The formal coordinate-invariant phase-space processes (9), being free of such divergences, are easily regularized as above, thereby extending the regularization prescription to all theories with Liouville measure (9).
2. Regularized integration of the momenta [9,11) provides a rigorous path back to regularized coordinate-invariant coordinate-space formulations.
(8-11), thus resolving the original difficulties in coordinate space.
3. The regularized phase-space processes require a minimum of regularized supergeometry, most of which emerges automatically during the transition to regularized coordinate space.
Another point of note is that, in contrast to coordinate-space processes, the phaSe-space processes are in fact stochastically unambiguous (9, 11) , that is independent of the choice of stochastic calculus.
Coordinate-invariant phase-space processes
The formal theories we wish to regularize are phase-space functional integrals of the form
where 11 is a general phase-space action and Vw is Liouville measure on a set of generic (field) coordinates .P"'(~) and conjugate momenta ITAf(0 . Here ~m are d-dimcnsional spacetime coordinates and { M} may include tensor indices; for ll example, 4>"'(0 = 9mn(~) is the metric on spacetime when we study regularized gravity.
As a matter of orientation, the class of theories (5.2.)) contains at least two important categories:
J. Non-covariant formulations, including real-time Hamiltonian and constrained Hamiltonian systems.
Covariant formulations with DeWitt supermetric.
In fact, the program regularizes both [9) , but explicit examples have been studied only in the simpler second category, for which
II=~ J<~)wMgMN(<f>)rrN + S(4>) (5.2.2)
where fiMN is the DeWitt supermetric (19) . These theories correspond to the coordinate-space functional integrals that I wish to preserve in the regularization. In fact the superstructures are not uniquely determined by this requirement, so that, for example,
is a one-parameter -y-family of supermetrics on deformations of the metric in the reparametrization frame with 9mn a tensor.
The general formal coordinate-invariant phase-space processes which correspond to the theories (5.2.1) are then (9, 11) irM 611 611 [;
("'A(e,t)qs(e',t')) = 26"sc5"(e-e')cS(t-t') ( 
5.2.8c)
under assumption of equilibration. In fact, the processes equilibrate to (5.2.1) as expected for bounded II, the rate of equilibration being controlled by the positive parameter {J. The DeWitt superstructures (JMN and EMA appear in (5.2.8) as convenient auxiliary quantities or covariant kernels, independent of the specific structure of the phase-space action II.
Uniqueness of the phase-space stochastic calculus.
A remarkable property of the phase-space (second-order) processes (5.2.8)
is that they are stochastically unambiguous [9,ll) .
-----.
that is, independent of the choice of stochastic calculus. This phenomenon, and the contrasting ambiguity of first-<Jrder (Parisi-Wu) stochast.ic processes, has been understood diagrammatically (11) in terms of the response of first and second order retarded (,P(t) = 0 fort< 0) mechanical systems ~,(t) = 6(t) (Parisi-Wu) ~u(t) = t5(t) (phase-space)
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·--- to an impulse at the origin. When interpreted as the stochastic Green functions of first and second order processes, the undetermined value of ~~ at t = 0 is precisely the first-order stochastic ambiguity. Correspondingly, the softer unambiguous response ~u(O) = 0 of the Newtonian system (5.3.2b) guarantees the uniqueness of the phase-space stochastic calculus.
Coordinate-invariant phase-space regularization
The invariant-regularized form of the general phase-space process (5. D~Q({') 6~P({) = 6~Q({') 6 : -6 d({-e')rZp(Q) 6~R({) (6.4) in terms of the superconnection f3p((}) of the supermetric fiMN· I remind the reader that I began in phase space in part to avoid 'certain divergences in formal coordinate-invariant coordinate-space formulations. Now The regularized Schwinger-Dyson system (6.2) also has stochastic oequivalents. For example, the corresponding regularized Ito process is (9) ~M<e> + af(;Qcr~ca<4><e>> = -aMN<4><e>> ;~<e> (6.7b) and regularized Stratonovich equivalents are given in (9) . After this derivation from regularized phase-space, it was called to my attention that (6.7) is a regularization, according to the rule (6.6), of an explicitly divergent formal process which is gauge-1!quivalent for all 1 (the supermetric parameter in (5.2.7b)) to the usual Euclidean Feynman gauge (first term). The result (7.1.5) also reflects the fact that the perturbation expansion is much simpler for the supermetric parameter choice 1 = -!, which we adopt for the explicit one-loop computations.
is required to stabilize the expansion about flat space. as it should be in an Einstein-invariant regularization.
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Schwinger-Dyson stabilization of Euclidean gravity
As indicated in the results above, the differential Schwinger-Dyson formulation has bypassed the question of integration contour for the gauge--invariant (10) unstable conformal mode of Euclidean gravity, giving directly the correct results of Gibbons, Hawking and Perry (53) . This Schwinger-Dyson stabilization mechanism (8-10) should be considered as a variant of the original stochastic stabilization (31) . It is instructive to see how the Schwinger-Dyson formulation manages the stablization in a toy model whose portrayal, minus the tensor indices, is completely accurate. because the effective drift term -0mn;ro6S/69mn in (7.3.1) is stabilized by the negative eigenvalue of its inverse supermetric prefactor. This result was independently obtained by Riimpf (20) for the explicitly divergent unregularized form of the process.
Within this window, it follows that the regularized stochastic process (7 .3.1) and the regularized Schwinger-Dyson system (7.1.1) are equivalent descriptions of regularized quantum gravity, although the Schwinger-Dyson stabilization is more general.
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